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We consider the motion of a free rigid body with three pairs of elastic rods and
with a cavity containing a liquid, in two cases: in a central Newtonian force
field and in the absence of extemnal forces, By an application of Rumiantsev’s
theorem [1] we obtain sufficient stability conditions for relative equilibrium in

a circular orbit and to uniform rotations of this system, We show that the prese~
nce of a liquid with a free surface in the cavity and the connectijon of elastic
rods to the body have a destabilizing effect on the stability of the corresponding
unperturbed motions of the unaltered system, We also point out sufficient stabi-
lity conditions in the case when less than three pairs of rods are attached to the
body, For a large Young's modulus the stability conditions obtained lead (in the
absence of the liquid) to the well-known sufficient conditions for the stability

of a rigid body, Stability conditions for the case when one pair of rods is attached
to the body and when there is no liquid are compared with the stability condit-
ions obtained in [2, 3], In connection with the assertion made in [2, 3] regarding
the novelty of the method used, we remark that this method was previously dev-
eloped by Rumiantsev and was applied to the solution of a number of problems
on the stability of the steady-state motions of a rigid body with a liquid filling

[4].

1, We consider the motion in a central Newtonian force field of a rigid body having
an arbitrarily-shaped cavity wholly or partially filled with a homogeneous incompress-
ible ideal liquid and carrying a certain number of thin inextensible elastic rods each of
which has a constant cross-section and two planes of symmetry, Neglecting the influence
of the relative motion of the system on the motion of its center of mass, we take it that
the latter moves uniformly along a circular Keplerian orbit with angular velocity Q .,

We introduce right rectangular coordinate axes systems: an orbital one Cxyz with origin
at the center of mass C of the system and with axes directed along the tangent, the bi-
normal, and the radius vector of the orbit, respectively, and an attached one Oz, 2,74
with origin at the center of mass O of the rigid body and with axes directed along the
axes of its central inertia ellipsoid, lLet i, i,, i3 be the unit vectors along the axes

Zy, T3, Tg. We denote the unit vectors of the y and z axes by f§ and ¥, and their pro-
jections onto the Xy, X3, L3 axes by P;, f,, B3 and V1. V2» Vs These quantities are rel-
ated by the equalities

= v+ v v — 1 =0, Yz = Y11 + VoB2 + vsbs = O
xs =P+ B +PP—1=0 (1.1)
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We shall take it that one, two, or three pairs of elastic rods of length / have been
fixed to the body at like distances & from the point O and, in the undeformed state, are
situated along the axes z, &,, 3, Here the coordinate planes serve as the planes of
symmetry of the rods, We use the indices 1 - 3 and 4 - 6 to identify the rods situated
along the positive and the negative directions of the axesxz;, r,, zgrespectively, By

u; (s, £) = uyjiy + Ugsly + Uyjls, 0<Ss<I, > G=12,...,6)

we denote the elastic displacement vector of the points of the axis of the jth rod, The
condition that the rods are inextensible leads to the relations [5]

3 2 . 2 2 . 2 2
Un = — s (u21 TUy)y Uy = s (u32 tUL) U= — Y (u13 + 1)
(1.2)
, 2 2 ’ 2 2 ’ 2 2
Uy = Moy, + Ugy)s  Ups = Malugy + Uy, gy =g (U 4 1)
u' = dulos

The condition that the ends of the rods are fixed to the body leads to the boundary con-
ditions

Uy = Ui, e =0, w;=u; , =0 G, j=1,23 i) for s=0 (1.3)

From (1, 2) it follows that u;, ;34 ({ = 1,2,3) are quantities of the second order of
smallness if as quantities of the first order of smallness we take u;;, U;,3,; and their
first derivatives wij, Uiy (i, 7 = 1,2, 3; i=~J). Note that equalities (1, 2) represent
the inextensibility condition for the rods only to within terms of the second order of
smallness relative to the quantities indicated,

For the potential energy [I; of elastic deformation we use the expression [5]

l
Uy = 5 B \Usi 4 Tont"y + Ly -+ Doty + Tt + T+ (14)
¢

- w2 w2 »2 w2 2 w2
o Taquy, + Togly, + Tisthyg + Tost s+ Togtiyy + Iy5u;,) ds

Here E is the Young modulus, [;; is the moment of inertia of the cross section of the

J th rod relative to the straight line drawn through the center of gravity of the section
parallel to the z;-axis, EI;; is the bending inflexibility, The position of any point
of the system relative to the coordinate axes Oz, I, x3is determined by its radius vector
T. For the points of the rods r = r° -+ w (r°, f), where w (r°, ¢} is the elastic dis-
placement vector of the points of the rod, whose position upto the deformation is deter~
mined by the radius vector.r°. The potential energy [T, of the force of attraction,
computed to within terms of order L3R;3, where L is the characteristic linear dimension
of the body and R, is the orbit's radius, is determined by the formula

I, =1,Q*@3y-0°.y —sp 6%

where ©° is the system's energy tensor for the point C with the components

i
Ou = Ty — M (@3, + 22+ opy §{ud, + ug - ug, + g+, g, gy -

0

1 ’ ’ ’ ' . ! !
gy —[al =) (00— w4 w4 o a u
123

+uggbdste, [t ahde () (1.5)
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!
By3 = Moy — 591.{ [(@ 4 5) (ugy — Ugs + Ugg — Usg) + Uprliar + Upallgs] dS —
0

123 V
P2 szx“dr (1 2...6)

<
Here M is the system's mass, J, are the principal central moments of inertia of the
rigid body with undeformed rods, ¢ is the area of the rods® cross section, p, and P,
are the densities of the rods and of the liquid, T is the region of the space Ox,z,z4
occupied at the current instant by the liquid, z;, are the components of the radius-
vector of the system"s center of mass ( relative to point O, to be computed by the
formula ! 123
Mz, = op, 5‘ (v1g + Ugs + Usg + Usg) ds + P, .Y'%df (1 9 . 6) (1.6)
0 T
The symbol (,1,%...4%) on the right denotes that to obtain two other formulas we should
make, in the expression presented, a cyclic permutation of (123) of the indices of the
quantities ;.. v;, f;, J;, ¥;; and of the first indices of the constants /;; and the func-
tions u;j together with their derivatives, and a cyclic permutation of (12.,.6) of the
second indices of the constants [;; and the functions u;; and their derivatives; the
primes over these symbols signify that when the second index of the functions u;; and
their derivatives changes from three to four and from six to one the sign in front of them
should be replaced by the opposite one, In (1.5) and (1,6), z;, is computed to within
terms of the first order of smallness relative to the quantities 5, u; 345 (i, J = 1, 2, 3;
i &= j), while ¥;; is computed to within terms of the second order relanve to these
same quantities and their derivatives,
For the kinetic energy 7' of the system in its motjon relative to the orbital coordinate
axes system, we have the expression

1 . . 1 . . .__ar
T= Tm-ec-o) 4o S(r— r) X (r' —r,)dm +—2—S(r —rc)zdm(r = Ft)(ij)
M M
where @ = ,i; + @i, + wgi; is the body's relative angular velocity vector and
dm is a mass element of the system, The mecnanical system being considered admits
of a generalized integral of energy ' 4 W = const, where W is the altered potential
energy of the system
W=1, Q346 -y —§ -0-8—spO°] | I,
Since V:, P; are connected by relations (1,1), instead of W we shall consider below the
functional
We = W — Yy Q2 (1% + 2705%, + 7g%s)

where 7, 7t,, T3 are undetermined Lagrange multipliers,

2, Let us find the system's position of relative equilibrium, The equations of relative
equilibrium, the patural boundary conditions, and the equation of the free surface §
of the liquid at the relative equilibrium position are found from the principle of feasible
displacements by computing and equating to zero the first variation §W of functional
W . They have the form

(803, — ;)yy + 3 (Opevs + Vpeys) — WPy =0 (1 2 3) 2.1y
(841 + ng)By + Cafy + F1aPs + My, =0 (12 3)
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(Be® — 315" (a1 — Zao) + (BoBs — 3vevs) (g — Z5e) + (Bify — 3yive) X
X (@ +s—z0) + (B =377 {la(l — &) + Y5 (B — 'y} + EJ50Q7% X
X uéy = 0 (%% ...3%)

(Bs® — 375 (usy — 230) + (Bobs — 3V2vs) (Uay — Za) + (BsBy — 3vsv1) X
X(@+s—z0) + B — 3y {la(l — ) + Y, (B — )] ug)/Y + Euy X

X Q2 uy =0 (1%2...6%) (2.2)
(B2® — 3v2®) (vas — @ac) + (BaBs — 3vovs) (sg — 25) — (Pifiy — 3y172) X
X(a+ s+ z) + B — 3D {la(l —s) + Uy (B — D)y} + Ey I x
x Q- 2uly = 0 (1%2...3)
(Bs® — 3v5") (uas — Z30) + (BoBs — 3vavs) (o — Tee) — (BsBy — 3vsv1) X
X(a+s+z)+ B2 —3yAD{le(l —s) + Uy (B — g’} + EIp X
X Q- 2” = 0 (;%*...¢°) (E = E,0p,)

i . . . (2.3
Uy = Ugy = Uy, = Uy, = 0, uy, = ug = uy =ug, =0 (112236) for s=1
U=3[(r—ry)-y]?— [(r —r,)-B]2 = ¢ = const (2.4

In Eq, (2. 4) the value of the constant ¢ is determined by the amount of liquid in the
body's cavity, With respect to surface (2, 4) the liquid is assumed to be on that side of
it for which U >> ¢. In the orbital coordinate axes system Eq. (2, 4) of the liquid's free
surface § is written in the form U=32—yt =c¢

and is the surface of a hyperbolic cylinder with a generator parallel to a tangent to the
orbit,

3, Equations (2,1), (2.2) and boundary conditions (1, 3), (2, 3) admit of the solution
Ti=Te=b=0=0, T=08=1 uj=u;y=0 ( ;=12 3 i%)

i, =30 7, = 0, My = — Oy (3.1)
The equation for the liquid's free surface S° has the form
U=3x%— x,2 =¢° (3.2)

This solution exists when the conditions 1‘};3 = 1‘);1 = 1‘);2 = (, Zye = x;C = ( are
fulfilled, The superscript zero indicates that the corresponding quantity is computed
for solution (3, 1).. Taking motion (3,1) as being unperturbed, we study its stability, For
simplicity of computation we take it that x;c = U. We obtain the sufficient stability
conditions from the theorem in [1] as the sufficient conditions for the positive definite-
ness of the second variation 8§2W, for the solution (3, 1) in the metric with respect to
which the functional W is continuous,

In the perturbed motion we set 93 = 1 -+ Oys, P, = 1 -+ 0f,, while we retain
the previous notation for the remaining quantities, In a neighborhood of solution (3,1)
relations (1,1) lead, in the first approximation, to the equalities Gys = 652 = (. There-
fore, for computing 62W, we can formally take B, = y; = 1; then for §2|/, we ob-
tain the expression



42 V.N.Rubanovskii

O*W , = Q2 [(B — B1) By -+ 3 (B — Bao) 11 + 4 (B — 020 1271 +
1
+ MQ* (a2, — x2) + 21, + 2925915‘ (@ + ) [By (g1 — Ugq + Ugg — Uys) —
h
— 371 (Uyg — Uyq - Usy — Ugy) — 4T, (Ugy — Ugg + Uog — Uge)] ds -

!
+ @ty ({uz, 4w, ug, 4wz, — 3+ ug, + w4 uz) +
0
+{ub—n+i(ﬂ—ﬁﬂww*+uﬁ+u*+um——
— (uhy+ ul +ug Sk u)l} ds 4 QT (3.3)
Here I‘g is the part of expression

= — P _S‘ Z (312 — Br®) 22® + 2 (87T — BaBs) 7a75] |32=Y;=ldr (3.4)

AT (129)

which is quadratic in P, Y1 V2 U;j . The integral over the region At should be under-
stood as
yﬂ)dt-— S(Ddr— S(D av

< L

where 1°and 7 are the regions of space Ox,Z,%3 occupied by the liquid under unper-
turbed and perturbed motions of the system, bounded by the wetted part of the cavity's
surface and, respectively, by the parts S° and S of surfaces (3, 2) and (2, 4) included
inside the body's cavity; here in (2,4), ¢ = ¢° 4+ 2Ac, and the value of the constant
Ac is determined from the condition of eqpality of the volumes of regions 1° and 7.
We remark that surfaces S° and S may consist of several pieces,

The relations 1 )
Mz, = c’P1S (g3 + Ugg +- Usy + Uag) ds +- 0 ‘\%dt

0

A

!
Mxy, = op, S(U’SI + Ugg + Usy 4 Ugs) dS + 0y S TadT
0

At

together with the condition of equality of the volumes of regions t° and T form a system
of three equations for determining the three quantities Zy,, &3, Ac as functions of 1,

Y1r Va» Usj. If the surface S° has three planes of symmetry and they are the coordinate
planes xr,x3, wg¥1, T1Z2, then the equations indicated simplify significantly and yield

2= Mzl (M — MUY, ay = M@ + MO), Ac=0 (3.5

after which we obtain from (‘3 4),
[, = — I8 — 37512 — 16735 7,2 + MW (M — M@= (M 2y +-
£ 3M (M 4 MOV (M Py (3.6)
! !
Myz{) = apy S (tgy + Ugy - Uy + Usg) ds, M) = 5918(”31"‘ Ugy-t Ugy +Ug;)ds
0 0

1;2dS ¢
MH)ZP?S—‘/—{;—)—%—:_I_?—:pz '\ |.E2|df3d151:pz S dr
g Vo=t Sar® est
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-) " 3x32dS
M :pz.\'VTZ‘TI—xTZ:pz [ 73] dridzy = p, Sdf
se ' S1:° (=)
22292dS ) z12052dS
IR =0 \ 2Bl _p, ( war, JP =, (oM
2 25« Vore T ot 2 P 3 0%, 23° = Pg ! Vore 120
=Py g 7,3t
t(‘*')
= 3x32x12dS
7P =g, | EETT_ g 2 2d
23 = Do p V Ozt ot P2 ) 1
-

v ° : -
Here M, is the mass of the rods, S}, and S;1 are the projections of surface S° onto
the planes Z;T; and ZaZ;, while t(+) and 1(-) are regions of space Qx,z,%s, Whose
meanings are obvious, Figure 1 shows these regions for the case of a cylindrical cavity

"

Fig, 1

with a generator parallel to the z,-axis, The quantities M(*) and M) represent the
masses which the liquid would have if it occupied the regions T¢+) and T(), respectively;
J g;) is the moment of inertia relative to plane r,z3; of the liquid filling the region
), while J g) and J 5’5’ are the moments of inertia relative to planes I T, and Iy%g
ot the liquid in region T, The quantities M), MO, JG J& JE, which arise
due to the presence of the liquid's free surface, could be called the apparent additionat
masses and the apparent additional moments of inertia,

Substituting (3, 5) and (3, 6) into (3, 3) we can represent 8°W,, as

W, = Q2 (85, — 05 — Ty {85 — 9% — JE) B, +

!
2
—+ 60y S (@ + s) (Ugy — Ugs -+ Uyz — Uys) ds} +

0

1 3Q2 (85 — B — I {05 — 05 — &) 11 —

!
- Gplg (@ + 5) (U1 — Uyg + Usy — Uss) ds}z +

0
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+4Q2 (83 — B3 — 4T) {(B — O — LIE) 1 — 37

— 91 \ (@ + ) (ttgg — tag - gy — ug) ds} + 3Q2(M + M) (M@ + V

O L%

4
V () = 20 — @2 (M — My {op, e + tge + s + tae) ds} —
0

!
— Q2 (8, — Oy — T {591 S @+ 5) (Ugy — Ugq + Uy — Uss) d3}2 -

]

— 302 (85, — U35 — T {00y { (@ + 8) (s — g + t1gy — Ugg) ds} —

-
— 402 (83, — B — 4J5) {591 (@ + ) (gg — Ugq -+ Ugy — Ugs) d3}2+

Sty e P e

1
+ Qop, { fug, + u o+ ug,+ ug,— 3+ ul, + ul, + u) +

[

=+ [a (l—s9)+ —12'“([2 — sz)] 3wl + w4+ up + up) —
— (u + w4 Ul + u)]} ds (3.8)

Let there be fulfilled the conditions
8%, — 00 — I >0, 95— 85, —UE >0, 05—, —4J >0 3.9

being the sufficient stability conditions for the relative equilibrium position (3.1) ofa
rigid Body with undeformed (u;; = 0) rods and with a liquid in its cavity, Then, by
using inequalities of the form

{ 3
{ op, g wds} 2< masp, S wids, {Gp:S (a -+ ) wds} : < Jop, §wzds

0 0 0 0
where m = 0/p, is the mass of one rod-and J is its moment of inertia relative to point
0. from (3. 8) we obtain with dve regard to (1. 4). the ineauality

V () > 0ps \{Ey Ui+ Instp -+ Do+ Tagtéy -+ Toguis + Tngtyg + Tasttyy +

O™

+ L'y + qu";-;- Tog + Tog'y + Iig') + Q2 [a (I — s) + Yo (I — sH] X
X [3 (u13 + ulﬁ + u23 ~+ u26) (u12 + u15 + u32 + u 5)1 + 92 [ugl + U§4 _;_ ug}i +
4 g — 3 (ud 4 vl 4 ul + ud)] — JQ? (g, — O — T (ugy — Uge -+
+ Uy — Uyy)* — 3TQ2 (01 — B3 — Ji5 ) (33 — Uyg + Usy — Uss)® —

— 4TQ? (B3 — O35 — 4T (usp — Ugs + Upg — Uze)® —
— Q2 (M — MDY (1g) + gy + Ugg + Ugg)?} ds (3.10)

Let us consider the following variational problems, Find the minima v, V3, ..., Ve
of the functionals
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4

D (Ugay Usy) = {S (w2, + u2, + c( .+ "'3a)] ds}—ISE (I;,au -+ Izau"z) ds
’ (@=1,4) ’

{

Dg (usgp, Usp) = {S [ugﬁ +ul+o (u + u'fB)] ds S{E (Ipu? 3 +I3ﬁum)
0

_Qz[( —8) + = (12__82)]( /:B_{_uw}ds 6 =25

H
i

Oy o) = {{ bab 4wy + 0 @2 F ™ x @)

0

* \ B Uo? + Lo?) 4 300 [a(—s)+ 5 (2 — sz)] (? + w?)} ds

LI T

in the class of functions u;; (s) (0 << s <C /) continuously differentiable upto fourth
order, satisfying conditions (1, 3), The constans v; can be computed also as smallest
eigenvalues of the corresponding boundary value problems, independent one from the
other, for the functions u;;.

From (8,10) and (3,11) we obtain the inequality

Vu)> c’P1S { Ve [Ugr® + ugy® + 6(Ugy® -+ Usy'?)] + vy [ugy® +us® +
0

+ o (usg® -+ u“,z)] + vy [Uys? + Uss® + o (u1s” + uzalz)] + vy [Uge® 4 us® +
+ o (ugy” + uum)] + vs [uge® +ugs 4o (ugs”® + u15'2)] + Vg [Ue® + Use® +-
+ 5 (s’ 4 Use’®)] + Q2 [Ug1® + Ugy® - Ugg® + Uge® — 3 (Ugy® -+ Uss® + Uss® +
4 ug?)) — I (8" — 9y,° — Jg))-l Q2 (Ugy — Ugy + Uy — Uyg)® —
—3J (8y,° — 95° — 23))-192 (t3g — Uye + Ugy — Ugy)® — 4T (B5,° — O35’ —
— 4T Y Q2 (1gy — Ugs + Ugy — Ugg)® —
—m (M — M®) Q2 (uy; 4 Uyq -+ Ung + Uge)*] ds (3.12)

For simplicity of computation we take

121=131=Iz4= Iaq*“Ily ]82:IIZ=1'5=II5=12

Is=1I3= Ig= Iy = Iy
Then v, = vy, Vg = V3 = Vg, and the Sylvester conditions for the positive defin-
iteness of a quadratic form in the quantities Uijs u;; occurring under the integral sign
in (3,12), reduce to the 1nequaht1es. 3Q2 vy (v is independent ot Q)

+v +Q
Bye° — 01,° — Jis > +mm x{i. vi V2 —}>0 (3.13)
011 —'ﬁas —J(-)>—_max{i.&-+_w:§82}>0

8JQ? . Yot va— 28
’023°—"3'ss°—4-’(1;)> +szax{1' - 839“‘ }>0

2m vt @y __vﬁ_%’;_
o M(+)< mln{i"v+Vl+292
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4, Along with the relative equilibrium position (3, 1) of the system, for which the
constant ¢° in Eq, (8,2) for the liquid's free surface S° is taken to be nonzero (otherwise
the liquid's continuity is violated in the system's perturbed motion),we consider at the
instant ¢ > ¢, the system's position corresponding to some perturbed motion of the
system, We introduce into consideration the distance 4 of the perturbed free surface §
of the liquid from the unperturbed S°, and also the deviation ¥ of the liquid's form

Ty corresponding to the perturbed state of the system, from the equilibrium form t° [4],

Let us consider the set whose elements are the quantities P, ¥y, V2, # and the functions

uij (5,0, 0<s<< Lt >t =1,2,3;j=1,2, ..,6;jF i, 3 + i).

Regarding the functions u;; we assume that they satisfy conditions (1, 3) as well as spec-

ific smoothfless conditions (it suffices to require the continuity of the functions u;;, ug,
) § o o A g .

ooy Wi | Uy W, Ugjy Ugg). We also take it that for a specified distance h the mag-

nitude of the corresponding deviation V satisfies the condition V > gk, where &, is

some fixed sufficiently-small positive number [4], In this set we introduce two metrics

QuBy s hyu) = L @y" + 7 +15°) + Lk + ZS(%‘Z + Py + L) ds
14,70
l
/2
Q B, hyuy = LF (B2 +12* +720) + LA* 4+ R (wi? + 12u,%) ds
ijo0
In the neighborhood of the unperturbed motion (3,1) metric Q and functional Wy are
continuous with respect to metric (), i.e., for any & > 0 we can find § (e) > Osuch
that when the condition Q, (8, y, h, u) << § is fulfilled there hold the inequalities
Q<e, | W, — W,°| <<e, where W,° is the value of W, for solution (3.1). The
functionals (), and () characterize the deviation of the perturbed state of the system
from the relative equilibrium position (3,1), The deviation of the velocities of the points
of the system in perturbed motion from their zero values in relative equilibrium (3,1)
is characterized by the magnitude 7' of kinetic energy (1, 7) of relative motion of the

system as well as by the functional t

Plo,u, ) = NJ08 + 2°P1Suij'2ds + 923(5512 + 23 4 2y dv
i i,j ° ®

For any admissible values of the quantities Bir Yir Var By wig satisfying the condition

Qo (B, v, h, u) << N, where N is a fixed sufficiently-small positive constant, I' — 0

as p (.

From (3. 7) and (3, 12) it follows that when conditions (3, 13) are fulfilled §°W, is a
functional which is positive definite in the metric () . Because W is continuous in metric
Q, it follows that the functional W, is positive definite in the metric . On the basis
of a theorem in [1] we conclude that inequalities (3,13) are sufficient stability conditions
for the relative equilibrium (3,1) with respect to the functionals Q,, Q, T and P.This
signifies that for every arbitrarily small positive numbers L, and L, we may choose pos-
itive numbers N, and N, such that under every admissible values of the magnitudes of
the direction cosines P:, V;, the separation %, the deviation V (V >> g4h),the elastic
displacements u;j, the relative angular velocities @ of the body, the velocities u; j
of the elastic rods, and the velocities x; of the liquid, satisfying the conditions
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Qo Bty By 8 [imt, <Ny, PL@, U, Z) ity <N, (4.0)
for £ >» ty or at least until V > g,k there are satisfied the inequalities
Q®B, v, b, W< Ly, T <L, (4.2)

It follows, in particular, from (1, 3), (4.1) and (4, 2) that for sufficiently small values
of N,and N, there ensues, for £ >» ¢,, not only the first of inequalities (4, 2) but also
the inequalities %u,;? < L,.

Conditions (3, 13) show that the attachment of elastic rods to the body, just as the
presence in the body's cavity of a liquid with a free surface, proves to have a destabil-
izing influence on the relative equilibrium of the undeformed system with a liquid
"frozen" in the position of relative equilibrium (3,1), The first of conditions (3,13) im-
poses a specific upper bound on the magnitude {2 of the orbital angular velocity and is
connected with the existence of the forms of the loss of stability of the rods,

As E — oothe constants v;, v,, V3 — oo and conditions (3,13) turn into conditions
(3. 9) for the stability of relative equilibrium (3,1) in the circular orbit of a rigid body
with nondeformable rods and with liquid in its cavity; here, if the liquid is absent or
wholly fills the cavity, then J O — J = J& = 0.In case the liquid is absent con-
ditions (3, 9) turn into the well-known conditions J, > J, > J;for the stability of the
relative equilibrium (3, 1) of a rigid satellite in a circular orbit, We remark that also
in the case of a viscous liquid inequalities (3, 13) are sufficient conditions for the stabi-
lity of the system’s relative equilibrium being investigated,

5, Let us indicate the sufficient stability conditions for relative equilibrium (3,1) of
a rigid body with a liquid and with one or two pairs of elastic rods,

1. A pair of rods in the position of relative equilibrium (3, 1) is directed along the
normal to the orbital plane (5.1)

2702 . . _ . . 8JQ2
= 011° — Os3 ——J(23)>0, Ba2® — s "‘4J§;)> vz — 3Q2 >0

B2° — O1° — IS5 >

2, A pair of rods in the position of relative equilibrium (3, 1) is directed along a tan-
gent to the orbit

27Q2
B — 00 —JE) > S, Bt — et — IR >
6JQ2
> N — 308 >0, 02°—0n° — 4J§;) >0 (5.2)

3. A pair of rods in the position of relative equilibrium (3,1) is directed along the
normal to the orbit

On° — ° —J$) >0, Hn°— 0 — IS >

6J G2 . . 8JQ?
= >0 On—Ou’— 47§} >t (5.3)

4, Two pairs of rods in the position of relative equilibrium (3, 1) are directed along
the tangent and the normal to the orbit

2JQ3 = 6JQ? vi + vs — 33
F22® — O1° — Jé’;) > ETE K 01° — Oas® — J;a) > Vs max {1; vy — 3622 }

8JQ2 2m (vs + Q3) (v1 - Q%)
800 — 00’ —4J3) > 5w < Ty e < O v + 2D

(5.4)
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5. Two pairs of rods in the position of relative equilibrium (3, 1) are directed along
the tangent and the binormal to the orbit
. o 27Q? Vi v2
B22° — Ou ——Jg;’< m—g—zmax{h '——T-—}>0 (5.5)
. R _ 6J82° . . 8JQ?
B1° — O3 —Jé3)>\—’r____3§2—z>0» B” — By “4J§;)>v—2?3—9—2>0

6. Twc pairs of rods in the position of relative equilibrium (3,1) are directed along
the normal and the binormal to the orbit

2J62 _ 2
¥2° — On° ——Jé;) > >0, ° — ¥a3° — ‘];3) > v >0 (5.6)
8JQ2 v3 -+ v — 202
022° — B33 — 41(1;) > mmax { 1: w} >0

Conditions (5,1) - (5,6) may be obtained from (3,13) as

’Vl,Vg—’OO§V27'Vs-’°°’ Vi, Vg —% 20; Vg — 00; Vg —> 00] V; — 00

respectively, Physically the passage to the limit ¥; — oo means that the rods directed
along the z; -axis are progressively "frozen” and in the limit they should be considered
as being undeformed,

8. Meirovitch [2] has investigated the stability of one of the relative equilibrium
positions on a circular orbit in a central Newtonian force field of a rigid body with two
thin rectilinear elastic rods, Let us compare the results obtained above with the results
in [2] in which the rod deformations are described, in the notation used above, by the
vector-valued functions

U, (s, 1) = uyady + Ugais, Ug (s, &) = ugshy + ugely (0 <s <))

so that the axial components u,, and us; of the elastic variables can be neglected, In
the system’s relative equilibrium position investigated the pair of rods are in the direct-
ion of the normal to the orbital plane, and the sufficient stability conditions have the

form C>B>A>2m@+10)?
2 2m (a + Iy
A=(3+ —8'—'10(1_*:71)—) o, A> ————"é(”_ Z Ly 6.4)

Here A is the smallest eigenvalue of the boundary value problem
El™ = opy Au,  u(0)=u (0)=u"()=u"" () =0
while the quantities 4, B, C, by the author’s assertion, are the principal central mom-
ents of inertia of the system in its undeformed state relative to the z3, z1, . axes, res-
pectively, Here we have not indicated the parameters with respect to which we have
investigated the stability of the unperturbed motion being considered, Using the inequ-
ality 4
J =om s (@ + Pds <ma -+ 1)
0

condition (6.1) can be brought to the form

8J , 2J ,
C>B>A>2], A>(3+C~‘4)Q-, A> 5 6.2)

The sufficient stability conditions (5.1), obtained in Sect, 5, for the relative equili-
brium position being considered here in the absence of a liquid can be represented in
the form
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8J R 2JQ?
J2>J1>Js >0, vz>(3+j;:-J—3) Q2 > 57 6.3)
The resemblance of conditions (6, 2) and (8, 3) is a formal one since the quantities A4,
B,C are not constants, in spite of Meirovitch's assertion, but represent the functionals

A=Js+Mpz 2 B=Ji+Mgz?,  C=Ji+Mp(z,8+7,2)

1c ¢

i i
Mzxic = op1 5 (w12 + u1s) ds, Mzge = op1 5 (us2 4 uss) ds
0 0

where My is the mass of the rigid body,

7. We now investigate the case when no external forces whatsoever act on the mech-
anical system under consideration, so that its center of mass moves rectilinearly and
uniformly, We now assume that the coordinate axes system Cxyz is Konig's system, The
mechanical system being considered admits of the energy integral T' - [y = const,
where T is the system's kinetic energy in its motion relative to the Konig axes, We in-
troduce into consideration a coordinate axes system (zz'z” rotating around the z -axis
with some angular velocity Q. For the ( xy )-plane there holds the area integral G-y =
= k = const,where G is the kinetic moment vector of the system relative to its center
of mass as the system moves relative to the Konig axes, and ¥ is the unit vector on the

z -axis, Denoting by G, the system’s kinetic moment vector relative to point C in its

rn

motion relative to the axes (Czz'z”, we can represent the area integral as

Gy +J R =F

where Jy = ¥:©°.¢ is the system's moment of inertia relative to the z-axis, We
choose the quantity Q such that the equality G, -y = O holds at any instant, Then we
have J,Q = k,and the energy integral can be represented in the form 'y + W =
= const, where T, is the kinetic energy of the system’s relative motion and W/ is the
changed potential energy of the system

L2
5T + Mg

Below, instead of W we shall consider the functional
We=W 1A (12 + 72 + 15%)
where A is an undetermined Lagrange multiplier,
From the equality (SW,,= = 0 we obtain the equations of steady-state motion of the
system, the natural boundary conditions (2, 3) at the free ends of the rods, and the equa-

tion of the free surface of the liquid in steady-state motion, These equations have the
form

W =

By + G10v: + 013?3)902-— A, = 0¢z23 (7.1)
Zae — (X1c¥y + TacVs + Zac¥s)¥s + (Va2 — Dugy + (a 4 ) (Ua1v2¥3 + vsv1) +

(1) Lol — )+ Uy (F — gy + Edu@sl =0 (37

Zge — (Z16V1 T TacYe + TacVa)Ve + (v22 — 1) usy + (@ + 8) (wayvevs + Viv2) +

@ =) (e =9+ @ — Y + E Loy =0 (20 )
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Tge — (T1e¥1 T+ TacVe + Zsc¥s)ys + (vs® — 1) ugg + (@ + ) (Ugayays — Ys¥1) +
+ O = Dllal— 9 + ¥ (= DY + ELu@hil =0 (70

Lo — (ZreV1 + TacVa + TacVa)Va + (V2 — Digs + (@ + 5) (UagVa¥s — Viva) +
F = 0 le = 9 + P Y + EuTu@e7ul =0 (177)
U=@—r)—[(r—r) ¥ =¢ (7.2)
Here €, is the magnitude of the angular velocity of the system's uniform rotation as
one rigid body in steady-state motion, ¢ is a constant determined by the amount of
liquid in the body's cavity, With respect to the surface U = ¢ the liquid is located to
that side of it for which I/ > ¢. In the Konig axes Eq. (7,2) has the form U = 22 +
+ ¥ =
8, Equations (7,1) and boundary conditions (1, 3), (2.3) admit of the solution
Yr=7: = 0,73 =1, 913° =" = 0, 2,° = 3" = 0, A= 855°Q> (8.1)
Ujj = Uigej =0 =123 i%))
This solution describes the uniform rotation of the system as one rigid body around the
z ~axis with an arbitrary angular velocity £2,; here the rods are found in the undeformed
state, and the equation of the liquid's free surface has the form U°® = z,2 + z,® = ¢,
Let us investigate the stability of motion (8,1), For simplicity of computation we
assume z3," = 0. The sufficient stability conditions for the unperturbed motion (8, 1)
are obtained as conditions for the positive definiteness of the second variation 82W, of
functional W tor solution (8,1) under the condition that Y3 = 1. For §2W, there
holds the expression
82, = Q2 [(B3° — 011°) Ta® — 2802°7172 + (Uss® — B0") %] + MQ? (w* 4
!

2
+ &%) — Q02‘5918 {Us® 4 w1e® + Uge® - Ugg® U ® + Ung® + Uss® + Uye®
0

—2(a +5) [71 (13 — Uye + Usy — Usy) + T2 (g3 — Uge - Ugy — Usgs)] —
—la(l —s)+ 1, (1> — sz) (ulz'2 + U um,z + um'z + ug® + u34’2 -+

4 ugy”® -+ ugs®)) ds -+ 2003 + QT (8.2)
Here I', is the quadratic part, relative to y,, Y. 4:j of the expression
I'=—p, S [2,® + &% + 25® — (2177 + 2272 + T378)?] ho=madT (8.3)

At
In the case when the liquid's free surface S° possesses three planes of symmetry and
they are the coordinate planes, for ', there holds the expression

Ly =MDz, 2 4+ MP2, 2 — TG72 — JE7,° (8.4)
2dS z92d S
MO = e dr, M@ — T _p dr
P2 SSO Ve 5z Ps 1§1) P2 sSo Ve & 22 2 152)
2 ZdS (2) 1221:32,13 2
J(l) = ——g_L—_ = x 2d17, Jiy = —_—— e == To2dT
12 P2 So VeE T o 02 1§1) 3 12 = Dy S} Vet o [ 152) 3

Here MM, M®), (1) Jis ) are the masses and the moments of inertia relative to the
( 2.z, )-plane whlch the uquid would have if it filled the regions 7@ and T® of the
( T,xr,xr3 )-space, whose geometric meaning is analogous to that of the regions 1(-) and
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o+ considered earlier, The quantities M), M@ and J %), J g), caused by the

presence of a free surface of the liquid, could be called the apparent additional masses
and moments of inertia of the system,
Suppose that the conditions
Dy =134" — 8),° — ngz) >0, Dy =183 — 9p° — J§§)> 0
(8.5)
o
D = DD, — ¥y, z>0
are fulfilled, Then, using the Schwarz inequality, from (8,2) we obtain, with due regard
to (8.4), the inequality
!
2
82W . > Q2D {Dﬂ’l — $15°72 0Py S (@ +5) (uyg — Uyg + Ugy — Usgy) ds} +

0
1

+ QDD {DT2 + o0 S (@ + ) [915° (U3 — Ugs 1 Usy — Usg) + Dy (Ugs —

0

— g+ Ugy— Ugy) 182+ QUM + MMy, 2 4 (M + M®P) 2,2} +0p,V (1) (8.6)
1

V= S (E g (Tnpgit"™ + Togtire™ 4 Ingliay"® + Togltg"® + Tty 4 Iisuss™ +
0
+ Dgltgy™ + Tngltng™ + Tyt + Tpguay™ +'1 sallng”” + T 35u15”z) +
+ QP la(l —s) + 1 (P — 5] (g + Uys’® + Uy + U + gy + ugy”®
gy - Uas’®) — QP (1?4 Ugs® -+ Us® + Uge® - Un® F Ugy® - Ugs® + Uge?) —
— JDQ [ Dy (g3 — Usg + Uy — Ugs)? 4 Dy (Ugs — Use + Ugy — Ugy)® +
+ 205" (Ugs — Uy + Ugy — Ugg) (U1g — Use + Ugy — Uga)]] dS (8.7)
For simplicity of computation we assume that
I3 =14 = Iy =Ipg = Io, Iy, = Iy =1y = Iy = I3 = Igy =
= Iy = I3, = 1)
We consider the following variational problems, Find the minima %,, %, of the func~
tionals

l l
-1 1 2
@0 =t +ary ) [t — a0 06— o @ = ufas
0 0
(@=0,1) (8.8)
in the class of functions u (s), 0 << s < [, continuously differentiable upto the fourth
order, satisfying conditions (1, 3)., From (8, 8) and (8, 7) follows the inequality
1
V> S (%0 (Uag"® 4 36" + ugy"* 4+ Uge'®) + %0 (g Fus™ +ugyt - usy* 4+
0
+ ugy' + u35’2) Ay (Ugy® F Bgg? A Ugg® + Ugs?) + (% — Qo) (s + the® +
+ Uga® + Ugg?) + (2g — Q%) (U1 4 Uys® + uy® + Ups®) —
~— JD1Q02 [ D (ugy — Ugg + Ugy — Ugs)® +- Dy (113 — Uyg + Ugy — Uga) +
+ 204,° (Ugy — Ugg + Ugy — Uas) (Uyg — Uye + Usy — Uga)]} dS (8.9)
The Sylvester conditions for the positive definiteness of the quadratic form in the quan-
tities u;;, U; ,-', occurring in the integrand in (8, 9), reduce to the inequalities:
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% >0, x%g > Q2 (8.10)
(to + %1 — Q0% — 8ID,D1Q%)(xy + %y — Q2 > (g — %y — 2o%)*
[Gtg + %y — Qp? — 8JDD1QH) (g + %y — Q4?) — (xp — %y — Q7] X
X g + %, — Qo — 8ID,D7Q%) (g + ¥, — Qp%) — (p — #y — Q22 >
> 8 J0°DT QR (g + %y — QD)

From (8, 6), (8. 9) it follows that when conditions (8. 5), (8.10) are fulfilled, 62W
is a functional positive definite in the metric Q |3—, . Because W, is continuous in the
metric Oo iB=o there follows the positive definiteness in the metric Q |3=0 of functional
We. Consequently, inequalities (8, 5), (8,10) are the sufficient stability conditions for
the unperturbed steady-state motion (8, 1) with respect to the functionals Qg |3—o, Qls=0,
Ty and P ; here in the expression for p (see Sect, 4) by ®,, ®,, ®3we should now
mean the projections onto the Z,, I, Z3 axes of the angular velocity vector of the
rigid body in its motion relative to the coordinate system (zz'z". In the case when ﬂ;z =
=0, conditions (8, 5), (8.10) reduce to the following:

— 2
% >0, %y > Qg2 0,,° — 8,0 — J 0 > 2190; f’(‘;f_ Ms‘m sl (i=1,2)(3141)

Hence we may easily obtain the stability conditions for unperturbed motion (8,1) for
the cases when less than three pairs of rods are attached to the body and when the liquid
is absent or wholly fills the cavity,

Thus, for example, if only one pair of rods is attached to the body, which in unper-
turbed motion are directed along the rotation axis, then the stability conditions are ob-
tained from (8,11) as %; — oo and have the form

. 27 Q0? .
Ho > Qol, B33° — 04;° — J%) > P (i=1,2)

Analogous conditions for this case (in the absence of the liquid) were obtained in [3],
however, the remarks made in Sect, 6 are valid also here, If two pairs of rods are attached
to the body, perpendicular to the rotation axis in the unperturbed motion, then the sta~
bility conditions are obtained from (8,11) as %o — oo and have the form

Y ,
>0, ﬁas°—\'}ii°—f(1?>‘,;1-902 (i=1,2)

If the rods are absent, the stability conditions reduce to the following:

Bas® — 0;° — JD >0 (i=1,2
In cases when the liquid is absent or wholly fiils the cavity, in the stability conditions
cited we should set Jil-} - J(122) = Q.

The author thanks V, V, Rumiantsev for attention to the work and for discussing it,
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ON THE STABILITY OF A PLAIN HOLLOW VORTEX

PMM Vol 36, N1, 1972, pp.60-64
N, S, KOZIN
(Moscow)
(Received July 22, 1971)

Proof is given of the idifferent stability with respect to small perturbations of
two flows: a hollow vortex bounded on the outside by a circular wall, and a free
hollow vortex,

A method of analyzing the stability of plane potential flows of a perfect incom-
pressible fluid with respect to small perturbations was suggested in [1] by which
the difficulties arising in the determination of eigenfunctions of two-dimensional
hydrodynamic flows, The method proposed there for the analysis of stability con-
sists of the linearization of equations of hydrodynamics by conformal mapping
of the unperturbed flow region onto that of the perturbed flow, It is applicable
to fairly simple regions of the unperturbed flow, otherwise the feasability of con-
formal mapping becomes problematic, This aspect was not touched upon in [1];
some of the flows considered by the Authors cannot be analyzed in this way, since
for these conformal mapping is impossible, Neither the question of completeness
of the system of eigenfunctions in cases in which mapping is possible was inves-
tigated by them, It is, therefore, interesting to examine the equations arising
in investigations of small perturbations of stationary flows by the method of con-
formal mapping, to determine its limits of applicability and, also, to solve
Cauchy’s problem in terms of perturbation equations,

1, A hollow vortex bounded on the outside by a circular wall,
The potential flow of an incompressible fluid in the form of a plane hollow vortex boun-
ded on the outside by a circular wall is considered, With the notation z, = z, + iy,
for the complex variable in the physical plane of flow and { = u, — iv, for the com-
plex velocity, the flow velocity is given by formula

= — il 1< |z|<r?t, 0<r<i (1.1

The flow boundary |z,| = 1 is free and the pressure at it is constant: p = const.
The line |z,| = ™" is the rigid wall and the flow hodograph is represented by the ring



